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On the Synthesis of de-Bruijn Sequences 
BENJAMIN ARAZI 
Department of Electrical Engineering, Ben-Gurion University of the Negev, 
P.O. Box 653, Beer-Sheva, Israel 
A way of designing de-Bruijn sequence generators is presented. The design is 
based on modifying a generator consisting of a serial connection of two m-sequence 
generators. If m and n are the sizes (in stages) of the two generators involved, the 
calculations performed uring the design consist mainly of : (1) Raising a root of a 
certain polynomial to the power 2 m. (2) Solving a set of 2n linear equations. The 
first operation is known to be simple to execute. 
1. INTRODUCTION 
A class of binary sequences which are considered to have "good" random 
properties are the de-Bruijn sequences (see Golomb, 1967; Lempel and Ziv, 
1976). Such a sequence is of periodicity 2 m, for some m, with all possible m- 
tuples within one cycle being distinct. 
The simplest method for constructing such a sequence is the one in which 
an extra 0 is attached to the string of m - 1 successive O's in an m-sequence 
of periodicity 2 m - i, generated by a linear feedback shift register connected 
according to the coefficients of a primitive polynomial of degree m, over 
GF(2). The extra 0 is inserted into the sequence by NORing the contents of 
the m - 1 first stages of the generator and adding the output (mod 2) to the 
feedback channel, as demonstrated in Fig. 1. 
The number of different m-sequences of periodicity 2 m - 1 is ¢(2 m -- 1)/m. 
(~(x) is the number of integers maller than x and relatively prime to it.) 
The described procedure thus enables the construction of ~t(2 m-  1)/m 
different de-Bruijn sequences of periodicity 2 m. 
A recent paper (Mykkeltveit et al., 1979) investigated the case of 
"connecting" two shift registers. Two results related to the synthesis of de- 
Bruijn sequences were shown. The first one, which was also obtained by 
Lempel (1970), shows how can a generator of a de-Bruijn sequence of 
periodicity 2 n be modified to generate de-Bruijn sequences of periodicity 
2 "+t. The second result shows how to construct a batch of de-Bruijn 
sequences of periodicity 2 n+l based on a primitive polynomial of degree n. 
Both methods actually show how to double the periodicity of a given 
sequence in order to obtain a de-Bruijn sequence. 
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FIG. 1. (a) m-sequence generator. (b) Modifying an m-sequence generator to generate a
de-Bruijn sequence. 
A way of constructing a de-Bruijn sequence of periodicity 2 m+n without 
doubling iterations is by joining m-sequence generators. Consider the 
polynomial g(x)= q(x).f(x) fo? q(x) andf(x)  being primitive polynomials 
of degrees m and n, respectively, and (2 m - 1, 2 n - 1) = 1. It has been shown 
(Zierler, 1959) that the sequence generated by g(x) can have four distinct 
cycles, the sum of their lengths being 2 m+n. There is a simple method of 
joining these four cycles together, thus constructing a de-Bruijn sequence. 
This paper presents a different method by which a primitive polynomial of 
degree m can be used to construct a de-Bruijn sequence of periodicity 2 m+n 
or any ngm. The obtained sequences are different from those obtained using 
the methods described before. 
2. THEORY 
2.1. Forming a de-Bruijn Sequence by Joining Together Two Distinct Cycles 
The operation of inserting an extra 0 into an m-sequence in order to form 
from it a de-Bruijn sequence actually means that two distinct sequences have 
been joined together. One sequence of periodicity 2 m-  1 contains all 
possible m-tuples except "all 0" and the other of periodicity 1 contains only 
O's. The two sequences were joined together by first finding an (m - 1) tuple 
common to both of them (in this case m - 1 O's). A circuit was then built 
which detects the existence of this common (m-  I) tuple, and whenever it 
was detected the generator left the linear sequence it was generating and 
started generating the other one. This way the two sequences have been 
joined together, forming a de-Bruijn sequence. 
The described process can be generalized in the following way. 
Let -41 and .42 be binary sequences of periodicity 2m(2 n -  l) and 2 m, 
respectively. Let all (m + n)-tuples within a sequence be distinct, where no 
(m+n)-tuple is common to both sequences. The union A1UA2 thus 
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contains all possible (m+n)-tuples and any possible ( re+n-1) - tup le  
appears twice in A 1 L) A 2. Let p denote a certain (m + n - 1)-tuple which 
appears in A 1 and A 2. (It thus appears only once in each sequence.)A~ and 
A2 can be joined to form a de-Bruijn sequence by generating one sequence 
until p is detected. The bit following p is then complemented, thus entering 
the other sequence without contradicting the property that all tuples are 
distinct. The second sequence is generated until p is detected again. By 
complementing a ain the bit following p, the first sequence is entered exactly 
at the spot where it was left before still without contradicting the property 
that all (m + n)-tuples are distinct. By continuing the process a de-Bruijn 
sequence is completed. 
Consider the generator G of Fig. 2. The gates qi, 1 ~< i ~ m -- 1, and act, 
1 G i ~< n - 1, are open or closed according to the coefficients of primitive 
polynomials q(x) and f (x )  of degrees m and n, respectively. Generator R~ 
generates a de-Bruijn sequence of periodicity 2 m and generator R2, when 
disconnected from R~, generates an m-sequence of periodicity 2n-1. Using 
the results described in (Mykkeltveit, 1979) it can be shown that the output 
from the combined generator can be either of periodicity 2 m or 2m(2 n -  1) 
depending on the initial states of R~ and R z. 
Since the two possible output sequences are actually generated by an 
(m + n)-stage shift register it follows that all possible (m + n)-tuples within 
one output cycle are distinct and there is no (m + n)-tuple common to both 
cycles (since any state of the generator determines all the following ones). 
The two cycles of the generator G can thus act as A~ and A z treated before 
and can be joined together to form a de-Bruijn sequence of periodicity 2"+". 
2.2. Finding the Common (m + n - 1)-tuple p 
During the generation of A 2 (the cycle with periodicity 2m), the right 
m-  1 stages of R~ contain exactly twice all possible (m-  1)-tuples. Let the 
two clock periods at which these stages contain "all 0" be denoted by t~ and 
t 2. If t I is the period in which the most left stage of R 1 also contains 0, then 
t 2 (the time at which that stage contains 1) is one clock period after. Let the 
n-tuple which is the content of R z during t~ and tz be denoted by b and c, 
~OUT 
FIG, 2. The generator G.
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respectively. During the generation of c a 0 was fed from R 1 into R 2 and if b 
is not "all 0" then it can be shown that for nXm we have b ~ c. (The author 
is thankful to an anonymous referee for pointing out the above result.) 
Let v I and v 2 be the (m + n -  1)-tuples consisting of the content of the 
right m-  1 stages of R 1 and the content of R 2, during t 1 and t 2 respectively. 
The first m - 1 bits of v I and v 2 are the same (all 0) while their n last bits 
differ. It was already mentioned that a specific content of the right m - 1 
stages of R 1 appears only twice during the generation of one cycle of A 2. It 
follows that Vl or v 2 each appear only once at their corresponding stages 
during the generation of one cycle of A 2. For later considerations only v 2 is 
treated. Similar considerations can be applied for v 1. 
The pattern of v 2 determines uniquely the output (m + n - 1)-tuple whose 
first bit appears in the output at t 2 + 1. Since v 2 appears only once during 
one cycle of A 2, the described output (m + n - 1)-tuple can be the tuple p 
mentioned before. 
2.3. Joining the Two Cycles 
In order to join the two cycles of the generator G the bit following p 
should be complemented each time p is detected. This complementing 
operation is done twice during the generation of the de-Bruijn sequence, 
where each complementing operation switches the generator from one cycle 
to the other. This operation is done practically by complementing the content 
of the left stage of R ~ each time the content of the rest of the states of G is 
v 2. Let Yl and Y0 be the two states of G preceding the states lv 2 and Ov 2. 
(xv 2 denotes an (m+n)-tuple consisting of a bit x followed by the 
(m + n -- 1)-tuple U2. ) 
The generator G can be modified by adding a special circuit whose output 
is 1 iff either Yl or Yo are detected. This simple circuit consists of two 
multiple input AND gates, some of the inputs being complemented, and one 
OR gate. By connecting the output of this circuit to the feedback loop of R 1, 
a de-Bruijn sequence generator is obtained, since a lv 2 is converted into Ov z, 
and vice versa. 
Since v2 consists of m - 1 O's followed by c it follows that the state of R 1 
prior to lv 2 is "all 0," where the state b of R 2 is that preceding c in a free- 
running R 2. The state of R 1 prior to 0v2 is m-  1 O's followed by a 1. The 
state b 0 of R 2 at that time differs from b in the right bit and only there. This 
follows from the fact that the last m - 1 bits of c are the first m -- 1 bits of 
either b or bo and while generating 0v2 1 was fed from R 1 into R 2. It follows 
that Yl and Yo differ only in two places. The ruth place from the left and the 
last on the right. This minimizes the amount of hardware needed for 
detecting Yl and Yz. 
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2.4. The Partial Linearity o f  the Sequence Generated by G 
The state of the generator G at the clock period t 2 during the generation of 
the output cycle A 2 is ' lv2, where 
U 2 = 0 0 "'" 0 ClC 2 "'" e n. 
m- I  
Let d = d~d 2 ... d,  be the state of R 2 during the clock period t 2 + 2" - 2 = 
tl - 1. Let v be the (m + n)-tuple appearing at the output of G right after the 
state lye. (c, is the first bit of v.) 
The generator G acts as a linear generator during the generation of A z, 
except for the two clock periods during which the output of the NOR gate is 
1. The generating polynomial is q(x) . f (x )=F(x) .  The value of the bit 
following v at the output is a certain linear combination of its preceding 
m + n bits (i.e., the vector v). The same linear recurrence relation, induced 
by F(x), holds until 2 m-  2 clock periods afterwards, which is m periods 
after d~ appears at the output. 
ILLUSTRATION 1. Let q(x) = X 4 -~ X -~- l, f (x )  = X 3 + X + 1, F(x)  = 
x 7 + x 5 + x 3 + x 2 + 1. The generator G generates two cycles. A cycle A ~ of 
periodicity 24(23 - 1 )= 112, and a cycle A 2 of periodicity 24= 16. It is 
found (it will be shown later how) that G has a state 1 0 0 0 0 0 1 while 
generating A 1. v2=00000 1. It can be verified that the state of R 2 two 
clock periods back is d = 1 1 0. v is the output 7-tuple following the state 
1 0 0 0 0 0 1. Every bit in the following output sequence, from the place 
marked xa to the place x 2, is a linear combination of its preceding seven bits 
obeying the linear recurrence a n =an_  2 +an_ 4 +an_  5 +an_  7 induced by 
r(x) 
10010101101100011001010.  
v x 1 d 3 d 2 d 1 x 2 
2.5. Powers of  a As Delay Operators, and a Fast Way o f  Generating Them 
Let F(x)  be a polynomial of degree n over GF(2) and let a be a root of 
F(x)  obeying the equation an= a~a n-I  + a2 an-2 + ... + an_la + 1, the coef- 
ficients a i being those of F(x). Powers of a can be expressed as polynomials 
in a of degree n - 1. These powers do not necessarily constitute the elements 
of GF(2 n) since F(x)  is not assumed to be primitive. The following 
illustration of how to generate powers of a of a certain F(x)  will also be used 
later. 
ILLUSTRATION 2. F(X) = x 7 + x 5 + x 3 + x 2 + 1 (F(x) is reducible). The 
successive powers of a can  be represented as polynomials in a of degree 6, 
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or as 7-tuples consisting of the coefficients of the polynomial  representation. 
We list the first 16 powers based on the equation a 7 = a 5 + a 3 + a 2 + 1. 
Powers Polynomial  representation 7-tuples 
a ° 1 0000001 
a I a I 0000010 
a 2 a 2 0000100 
a 3 a 3 0001000 
a 4 a 4 0010000 
a 5 a 5 0 1 0 0 0 0 0 
Ct 6 a 6 1 0 0 0 0 0 0 
a 7 a5-4 - a3+a2-4- 1 0 1 0 1 1 0 1 
a s a6+ t24-[-g3+ a 1 0 1 1 0 1 0 
a 9 a4q-a3q - 1 0 0 1 1 0 0 1 
a 1° aS+a4+ a 0 1 1 0 0 1 0 
a 11 a6+aS+ a 2 1 1 0 0 1 0 0 
a 12 a6+aS+ a2+ 1 1 1 0 0 1 0 1 
a 13 a6+aS+ a2+a +1 1 1 0 0 1 1 1 
a TM a6+aS+ a +1 1 1 0 0 0 1 1 
a ls a6+aS+ a3q - a +1 1 1 0 1 0 1 1 
a 16 a 6 -4- a s -b a 4 -b a 3 + a + 1 1 1 1 1 0 1 1 
F(x) can be a generator polynomial  of a binary sequence in the sense that 
a linear feedback shift register can be constructed, the feedback taps of 
which are connected according to the coefficients of F(x). The powers of a 
act as delay operators on a cycle of the sequence generated by F(x). Given 
an n-tuple in the generated sequence, the bit which is x places further on in 
the sequence is obtained by multiplying the n-tuple by a ~ (scalar product of 
the given n-tuple representing aX). (See (Golomb, 1967).) 
It should also be mentioned that a 2m for some m, can be calculated very 
fast. (Calculating ax means finding its representation as a polynomial  in a of 
__ (/2 degree n 1.) The calculation is based on the identity ~ i  i = (~ ia i )  z 
which holds over GF(2). Calculating a 2m involves only m successive 
squarings. 
ILLUSTRATION 3. Let F(x )=x TM +x3+ 1. (F(x) is primitive in this 
case.) In order to find any a 2m all that is needed to be known in advance is: 
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etc. 
a 1° = a 3 + i, 
a 12 _~_ a 5 27 a 2, 
a 14 = a 7 27 a4~ 
a 16 = a 9 27 a 6, 
a 18 = a 8 27a  4 27a ,  
a~ = (a '~)  2 = (a ~ + a~) ~ = a~ + a ~ 
=(a  8+a 4+a)+ (a s +a  2) 
=a ~ +a s +a 4 +aZ + a, 
a 64=(a32) 2=a 1627a 1027a s 27a 427a 2 
= ag + aS + a6 27 a4 27 a3 27 a2 27 1, 
3. DES IGN 
It has been shown in Section 2.3 that all that is needed for converting the 
generator G of Fig. 2 into a de-Bruijn sequence generator is the knowledge of 
two (m 27 n)-tuples, ym and Y0. Although the theory leading to the presented 
results may appear somewhat complicated, it will be shown that the main 
effort involved in designing a de-Bruijn sequence generator consists o f  just 
solving a set o f  2n linear equations (n is the length of register R2). 
Step 1. Finding the vector v. (See Section 2.4.) It follows from the 
structure of 1 v 2 that v is actually the (m 27 n)-tuple v' generated by a free 
running R2, with initial state e, the last bit of v' being complemented. 
ILLUSTRATION 4. Let q(x) = x 4 2v x 27 1, f (x )  = x 3 + x + 1, v 2 = 
0 0 0 c I e 2 c 3 . 
The sequence generated by a free running R 2 obeys the linear recurrence 
relation a n = an_ 2 27 an_.3. 
v = c 1 27 c 3 27 1, c 2 27 e 3 27 cl, C 1 -~- C2, C 2 -~- C3, C1 , e2 , c3 . 
(The last generated bit is the one on the left of the string.) 
Step 2. Generating n successive powers of  a. Let a be a root of F(x) 
whose powers form delay operators as discussed in Section 2.5. We generate 
n successive powers of a, from a 2m-2 to  a 2re+n-3.  This is done most 
efficiently by first finding a 2'~ which is executed by m successive squarings. 
The rest of the needed powers are then simply obtained. 
Step 3. Obtaining n linear relations between c and d. The elements 
d n, dn_ 1 ..... dl start appearing at the output 2 m-  2 clock periods after the 
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first element of v appears. It follows from what was shown in Sections 2.4 
and 2.5 that the elements of d are obtained by multiplying v by 
a v'-2, a z"-~ ..... a 2m+"-3. This results in n linear relations between e and d. 
ILLUSTRATION 5. Let q(x) and f (x )  be those of the previous illustration. 
F(x) = (x4 + x + l )(x3 + x + l ) = xT + xS + x3 + x2 + l. F(x) is the 
polynomial  of I l lustration 2, the first 2 m + n - 3 -- 16 powers of which have 
been listed, v has been shown in I l lustration 4. We have in this case the 
following n = 3 relations between e and d. 
V • a 24-2 = (e 1 -q- e 3 -~- I, c 2 + c 3 + c 1, C 1 "~ C2, C 2 -~- C2, e l ,  C2, C3) 
• (1 1 0 0 0 1 1) 
= (ca + e3 + 1) + (e2 + e3 + ca) + (e0 + 
=e3+ 1 =d3,  
v .aZ4-1=v .(1 1 0 1 0 1 1 )=c2+1=d2,  
v .aV=v. (1  1 1 1 0 1 1 )=e l+ l=d 1. 
Step 4. Obtaining another n linear relations between c and d. Another n 
linear relations between e and d are constructed using the fact that two 
further clockings from the state 0 0 ... 0 1 d~dzd 3result in the state lv 2. The 
n relations obtained between e and d are independent of n previous ones, 
since the fact that lv 2 returns after 2 m periods was not introduced before. 
ILLUSTRATION 6. The content of R 2 one period after 0001 dld2d3is 
dz + d3 + 1, di ,  d 2. After one more clock period the content is d l+ d2, 
d2 + d3 + 1, d t =Cl ,C2 ,e3 .  
Step 5. Solving c. The processes of steps 3 and 4 each produce n linear 
relations between c and d, from which c is recovered. 
ILLUSTRATION 7. For  the case introduced in the preceding il lustrations 
the following equations result c = 0, 0, 1: 
c 1 = d I + 1, 
e 2 = d 2 + 1, 
C 3 = d 3 + 1, 
el =d l  +dz,  
c 2 ~-  d 2 + d 3 + 1, 
¢3 = dl" 
Step 6. Finding Yl and Yo. v2 consists of m - I O's followed by e. Yl and 
Yo which precede the states lv z and Ov z are thus recovered instantly knowing 
c and the generator G. 
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FIG. 3. A de-Bruijn sequence generator. 
ILLUSTRATION 8. Referring to the previous illustrations 
v2=0 00  00  1. 
The state of Gpreceding 1000001 i s000001 l=y~.  
The state preced ing0000001 is 0001010=y0.  
As was mentioned before y~ and Y0 differ only in two places. These are the 
4th and 7th places from the left. 
4. CONSTRUCTING THE GENERATOR 
A circuit should be constructed, the output of which is 1 iff either Yl or Y0 
are detected. 
The left m- -1  bits of yl and Y0 are all 0. The existance of such a 
condition is already detected by the NOR gate connected to the left m-  1 
stages of R I . The left n -- 1 stages of R 2 have the same content whenever yl 
or Y0 appear. This content is found from e and a multiple entry AND gate, 
some of its inputs being complemented, etects it. Let this gate be denoted by 
gl. The remaining two stages are either connected to a XOR gate (in case 
one contains 1 and the other 0) or XOR NOT (in case they both contain the 
same bit). The output of this gate, the NOR gate and that of g~ all enter an 
AND gate whose output is connected to the feedback loop of R~. 
ILLUSTRATION 9. Referring to the previous illustrations the generator of 
Fig. 3 generates a de-Bruijn sequence of periodicity 128. It is obvious that 
the effect of the modifications performed on the generator G of Fig. 2, 
actually consists of inhibiting the NOR gate twice during the generation of 
one complete period of the de-Bruijn sequence. 
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